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Abstract
In recent years, the geometry and analysis on metric measure spaces have ac-
tively been studied. Metric measure spaces typically appear as limit spaces
of Riemannian manifolds in the convergence/collapsing theory of Rieman-
nian manifolds. The study of convergence of metric measure spaces is one of
central topics in the geometry and analysis on metric measure spaces. Con-
vergence notions of metric measure spaces are formulated variously such as
measured Gromov-Hausdorff convergence.
In this thesis, we study mainly the following two notions: the metric
measure foliation and the product of metric measure spaces. Our purpose is
to comprehend the behavior of these notions with respect to convergence of
metric measure spaces. Especially, we are interested in the behavior in the
case for sequences of metric measure spaces whose dimensions are unbounded.
This thesis is based on [11, 12].
Our settings are described more precisely as follows. We call a triple
(X, dX ,mX) a metric measure space if (X, dX) is a complete separable metric
space and mX a Borel probability measure on X. We sometimes say that
X is a metric measure space, in which case the metric and the measure of
X are respectively indicated by dX and mX . As convergence notions of such
spaces, !-convergence and concentration were introduced by Gromov in [9].
!-convergence is a stronger convergence than concentration, that is, all !-
convergent sequences of metric measure spaces concentrate. !-convergence
is based on a simple idea and is naively formulated as the convergence of
the distance function dX and the reference measure mX . On the other hand,
concentration is based on the concentration of measure phenomenon studied
by Lévy and V. Milman, and it is formulated as the convergence of the set, say
Lip1(X), of all 1-Lipschitz functions on a space X, instead of the distance
function dX , and the reference measure mX . From these different ideas,
concentration admits the convergence of many non-trivial sequences of metric
measure spaces whose dimensions are unbounded. This is one of the most
important characteristic of concentration. A typical example is the sequence
{Sn(1)}n∈N of n-dimensional unit spheres in Rn+1, where the sphere Sn(1)
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is endowed with the standard Riemannian metric and normalized volume
measure, and N is the set of positive integers. The sequence {Sn(1)}n∈N
concentrates to a one-point metric measure space as n → ∞. This sequence
does not !-converge.
!-convergence is well studied and understood. Gigli-Mondino-Savaré [8]
proved many results for !-convergence. In actuality, they introduced and
studied pmG-convergence which is one of convergence notions of (pointed)
metric measure spaces, but it coincides with !-convergence in our setting.
Their results are, for example, stability of the curvature-dimension condition
CD(K,∞) and the Riemannian curvature-dimension condition RCD(K,∞),
Mosco convergence of the 2-Cheeger energy functionals and the descending
slopes of the relative entropy, convergence of the heat flows, and spectral
convergence of the Laplacians etc.
The curvature-dimension condition CD(K,∞) is a condition for a metric
measure space to admit (weighted) Ricci curvature bounded from below by
K ∈ R. It was introduced by Lott-Villani [15] and Sturm [21]. The class of
CD(K,∞) spaces includes not only Riemannian geometries, but also Finsler
geometries. Ambrosio-Gigli-Savaré [2] introduced the Riemannian curvature-
dimension condition RCD(K,∞) which is stronger than CD(K,∞) in order
to isolate Riemannian from Finslerian. The concept of the Sobolev space on
a metric measure space was studied by Cheeger [5], Haj"lasz [10], Shanmu-
galingam [18], et al. They severally defined some functionals on the Lq-space
over a metric measure space corresponding to the Dirichlet energy functional
in the smooth Riemannian case. As one of such functionals, the q-Cheeger en-
ergy functional Chq was first introduced by Cheeger [5] and Shanmugalingam
[18] (the present definition and name were established in [1]). This is related
with the RCD(K,∞) condition and the Laplacian on a metric measure space.
The first goal of this thesis is to extend the Gigli-Mondino-Savaré theory
to some sequences that do not !-converge, especially some sequences of met-
ric measure spaces whose dimensions are unbounded. It is known that many
sequences of metric measure spaces whose dimensions are unbounded do not
!-converge such as the above example of the unit spheres {Sn(1)}n∈N. For
this purpose, we study the metric measure foliation.
The metric measure foliation was introduced in [7] by GalazGarćıa-Kell-
Mondino-Sosa as a generalization of Riemannian submersion in metric mea-
sure setting. They studied the relation between a metric measure space
(X, dX ,mX) having a metric measure foliation and its quotient metric mea-
sure space (X∗, dX∗ ,mX∗) induced by the foliation. One of their results is
a generalization of Lott’s theorem [14, Theorem 2] stated as that a Rie-
mannian submersion between two weighted Riemannian manifolds preserves
the lower bound of the weighted Ricci curvature under certain conditions.
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GalazGarćıa-Kell-Mondino-Sosa proved that the strong curvature-dimension
condition for X implies the same condition for the quotient space X∗. Fur-
thermore, they showed a formula between the q-Cheeger energy functionals
on a metric measure space X having a metric measure foliation and on its
quotient space X∗. From their works, we see that this notion serves our
purpose. Even without applying to the convergence theory, the study of the
metric measure foliation is important. For example, we consider a Rieman-
nian submersion induced by an action of an isometry group. The quotient
space (or the orbit space) of a Riemannian manifold is not necessarily a
manifold. The framework of metric measure spaces fits the geometry and
analysis of the orbit spaces. This is one of the most important motivations
for investigating the metric measure foliation.
The first result of this thesis is the following theorem generalizing the
Gigli-Mondino-Savaré theory via the metric measure foliation.
Theorem 1. Let {Xn}n∈N be a sequence of metric measure spaces and Y a
metric measure space and let K ∈ R. Assume that each Xn has a metric
measure foliation and its quotient space X∗n !-converges to Y as n → ∞.
Then we have the following (1) – (4).
(1) If each Xn satisfies CD(K,∞), then Y also satisfies CD(K,∞).
(2) Under the same assumption as in (1), the 2-Cheeger energy functional
ChXn2 Mosco converges to the 2-Cheeger energy functional Ch
Y
2 .
(3) If each Xn satisfies RCD(K,∞), then Y also satisfies RCD(K,∞).
(4) Under the same assumption as in (3), the qn-Cheeger energy functional
ChXnqn Γ-converges to the q-Cheeger energy functional Ch
Y
q if {qn}n∈N ⊂
(1,+∞) converges to a real number q ∈ (1,+∞).
Remark 2. In the case that Xn !-converges to Y (i.e., each Xn has the trivial
foliation induced by the identity), (1) – (3) were proved by Gigli-Mondino-
Savaré [8] and (4) was proved by Ambrosio-Honda [3].





n, where the sphere is endowed with the standard
Riemannian metric and normalized volume measure. Since the sequence
{Sn(
√
n)}n∈N does not !-converge, the asymptotic behavior of this sequence
is not obtained from the Gigli-Mondino-Savaré theory. Theorem 1 asserts
that the asymptotic behavior of {Sn(
√
n)}n∈N as n → ∞ is related to the
geometry of the 1-dimensional Gaussian space (R, | · |, γ). In fact, Theorem
1 can be applied to Xn := Sn(
√
n), n = 1, 2, . . ., and Y := (R, | · |, γ). The
3
relation between the sequence {Sn(
√
n)}n∈N and a Gaussian space with infi-
nite dimension in a sense has been suggested by Gromov [9], Shioya [19], et
al. The sequence {(Rn, ∥ · ∥, γn)}n∈N of the n-dimensional Gaussian spaces
converges in Gromov’s weak sense as n → ∞, and the limit is called the
virtual infinite-dimensional Gaussian space. Note that Gromov’s weak con-
vergence coincides with concentration but in general a weak limit of metric
measure spaces is not necessarily a metric measure space. In fact, the vir-
tual infinite-dimensional Gaussian space is an extended notion of a metric
measure space, called a pyramid. Shioya [19, 20] proved that the sequence
{(Sn(
√
n), ∥ · ∥, σn)}n∈N of n-dimensional spheres of radii
√
n in Rn+1 with
Euclidean norm ∥ · ∥ and normalized uniform measure σn weakly converges
to the virtual infinite-dimensional Gaussian space. Moreover, it is conjec-
tured that the sequence {(Sn(
√
n), dSn(√n), σ
n)}n∈N of spheres with Rieman-
nian distance dSn(√n) also weakly converges to the virtual infinite-dimensional
Gaussian space. The above example of Theorem 1 is interesting from this
point of view.
An idea of proof of Theorem 1 is combining the following properties for
the metric measure foliation with the Gigli-Mondino-Savaré theory.
Theorem 3. Let X be a metric measure space with a metric measure foli-
ation F . Let X∗ be the quotient metric measure space induced from F , and
p : X → X∗ the quotient map. Then the following (1) – (3) hold.
(1) If X satisfies CD(K,∞) for a real number K, then X∗ also satisfies
CD(K,∞).
(2) For any real number q ∈ (1,+∞) and any g ∈ Lq(X∗,mX∗), the func-
tion g ◦ p belongs to Lq(X,mX) and it holds that
ChX
∗
q (g) = Ch
X
q (g ◦ p).
(3) For any real number q ∈ (1,+∞) and any f ∈ Lq(X,mX), a function





for y ∈ X∗, where {µy}y∈X∗ is the disintegration of mX for p. Then it
holds that
ChXq (f) ≥ ChX
∗
q (f̂).
Remark 4. As mentioned above, a study like Theorem 3 was started by
GalazGarćıa-Kell-Mondino-Sosa in [7]. Actually, (1) is very close to [7, The-
orem 8.8] but these settings are slightly different. (2) is a generalization of
[7, Proposition 8.9 (4)]. (3) is a completely new fact.
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As an application of the Mosco convergence of Cheeger energy function-
als, we obtain the lower semicontinuity of the spectra of Laplacians on met-
ric measure spaces satisfying RCD(K,∞). The Laplacian ∆X on a metric
measure space X satisfying RCD(K,∞) is defined as the self-adjoint linear
operator associated with the quadratic form ChX2 . We denote by σ(∆X) the
spectrum of ∆X .
Corollary 5. Under the same assumptions as in Theorem 1 (3), we have
σ(∆Y ) ⊂ lim
n→∞
σ(∆Xn),
that is, for any λ ∈ σ(∆Y ), there exists a sequence λn ∈ σ(∆Xn) convergent
to λ.
The following is a special case of Corollary 5. It is just for a metric
measure foliation instead of a sequence, but it is a new result.
Corollary 6. Let X be a metric measure space satisfying RCD(K,∞) for
K ∈ R. Assume that X has a metric measure foliation. Then we have
σ(∆X∗) ⊂ σ(∆X).
Furthermore, we obtain Γ-convergence of the descending slopes of the
relative entropy as below. The descending slope |D−Entm| of the relative
entropy Entm is deeply related with the Cheeger energy functional, and its
gradient flow gives a solution of a kind of heat equation.
Theorem 7. Let {Xn}n∈N be a sequence of metric measure spaces and Y
a metric measure space and let K ∈ R. Assume that each Xn satisfies
CD(K,∞) and has a metric measure foliation and that its quotient space X∗n
!-converges to Y as n → ∞. Then |D−EntmXn | Γ-converges to |D−EntmY |.
As another generalization of the Gigli-Mondino-Savaré theory, there are
some works for concentration of metric measure spaces. Stability of the
CD(K,∞) and RCD(K,∞) conditions for concentration is obtained in [6],
[13], and [17]. The stability of the CD(K,∞) condition was first proved by
Funano-Shioya in [6] in the case that the limit space is proper, and then it
was extended to the general case by the author and Ozawa-Suzuki jointly
in [13]. The stability of the RCD(K,∞) condition was proved by Ozawa-
Yokota in [17]. For concentration, the Mosco convergence of Cheeger energy
functionals is not yet known. The results for concentration and Theorem 1
are independent of each other. For example, the sequence {Sn(
√
n)}n∈N of
n-dimensional spheres as above does not concentrate to any metric measure
spaces.
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The second goal of this thesis is to give an answer to the following ques-
tion: for two convergent sequences of metric measure spaces, does the se-
quence of their product spaces also converge? This question refers to the
relation between the product and the convergence of metric measure spaces.
In this thesis, we study the product structure that is very generally for-
mulated by metric preserving functions. A function F : [0,+∞)2 → [0,+∞)
is called a metric preserving function provided that for any two metric spaces
(X, dX) and (Y, dY ), the function
dF ((x, y), (x
′, y′)) := F (dX(x, x
′), dY (y, y
′))
is a metric on X × Y . Given a continuous metric preserving function F and
two metric measure spaces X and Y , we obtain the product metric measure
space, say X×F Y , of X and Y which is endowed with the metric dF and the
product measure mX⊗mY . This notion is a generalization of the well-known






p if p < +∞,
max {s, t} if p = +∞
for any extended real number p ∈ [1,+∞]. Specially, we call the metric dFp
the lp-metric and denote the lp-product space X ×Fp Y by X ×p Y . Other
than the function Fp, for example, the two functions






are two of the easiest examples of metric preserving functions. However,
general metric preserving functions are more complicated. We refer to [4,16]
as for more details of metric preserving function.
In the !-convergence case, an answer to our question is very simple. It
is easy to see the following proposition.
Proposition 8. Let {Xn}n∈N, {Yn}n∈N be two sequences of metric mea-
sure spaces !-converging to metric measure spaces X, Y respectively. Let
Fn, F : [0,+∞)2 → [0,+∞), n = 1, 2, . . ., be continuous metric preserving
functions. Assume that Fn converges pointwise to F as n → ∞. Then, the
sequence {Xn ×Fn Yn}n∈N of their product spaces !-converges to the product
space X ×F Y as n → ∞.
Moreover, on the question for concentration, there is Gromov’s work in
the lp-product case (see [9, 3
1
2 .46.]). From his argument, we obtain the
following result.
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Theorem 9 (cf. [9, 312 .46.]). Let {Xn}n∈N, {Yn}n∈N be two sequences of
metric measure spaces concentrating to metric measure spaces X, Y respec-
tively. If at least one of the limit spaces X and Y is a one-point metric
measure space, then the sequence {Xn ×p Yn}n∈N of their lp-product spaces
concentrates to the lp-product space X ×p Y for every p ∈ [1,+∞].
Even in the lp-product case, the answer had only been partial for con-
centration. The second result of this thesis is the following theorem giving a
necessary and sufficient condition for concentration of product spaces.
Theorem 10. Let Fn, F : [0,+∞)2 → [0,+∞), n = 1, 2, . . ., be continuous
metric preserving functions. Assume that Fn converges pointwise to F as
n → ∞. Then the following (1) and (2) are equivalent to each other.
(1) For any two sequences {Xn}n∈N, {Yn}n∈N of metric measure spaces
concentrating to metric measure spaces X, Y respectively, the sequence
{Xn×FnYn}n∈N of their product spaces concentrates to the product space
X ×F Y as n → ∞.






′, t′)) = 0.
Remark 11. We set
IF (s, t) := F (s, t)− inf
s≤s′; t≤t′
F (s′, t′)
for a function F on [0,+∞)2. A function F on [0,+∞)2 is called an isotone
if IF ≡ 0. Under the setting of Theorem 10, we consider the following five
conditions.
(1) The functions Fn are isotones for all n ∈ N.
(2) limn→∞ sups,t≥0 IFn(s, t) = 0.
(3) limn→∞ sup0≤s,t≤D IFn(s, t) = 0 for any D > 0.
(4) limn→∞ IFn(s, t) = 0 for any s, t ∈ [0,+∞).
(5) The function F is an isotone.
We see (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (5). On the other hand, we see that only
(4) ⇒ (3) holds among the converse implications. The condition (3) is also
equivalent to the concentration of product spaces, that is, the condition (1)
of Theorem 10.
7
Theorem 10 strongly reflects a characteristic of concentration. Unlike
the !-convergence case, we need the condition related with the isotonicity
of metric preserving functions for the concentration of product spaces. In
particular, for the lp-product, we obtain the following corollary since the
function Fp is an isotone for all p ∈ [1,+∞]. This is a generalization of
Theorem 9.
Corollary 12. Let {Xn}n∈N, {Yn}n∈N be two sequences of metric measure
spaces concentrating to metric measure spaces X, Y respectively. Assume
that pn ∈ [1,+∞] converges to p ∈ [1,+∞] as n → ∞. Then the sequence
{Xn×pnYn}n∈N of their lpn-product spaces concentrates to the lp-product space
X ×p Y as n → ∞.
We describe an idea of proof of Theorem 10. The implication (2) ⇒
(1) of Theorem 10 follows from combining Gromov’s fibration theorem of
concentration [9, 312 .47. Proposition] and a new estimate of the observable
diameter. The observable diameter is one of the most fundamental invariants
of a metric measure space. The converse implication (1) ⇒ (2) is proved by
verifying the contraposition. That is, for every sequence of metric preserving
functions that does not satisfy the condition (2), we construct two sequences
of metric measure spaces such that they both concentrate but the sequence
of their product spaces does not concentrate to the product space of their
limit spaces.
In addition, from our main result, we construct new examples of sequences
of metric measure spaces concentrating to a non-trivial limit space. It was
difficult to construct a new example of concentrating sequences of metric
measure spaces and this was a serious problem for the study of concentra-
tion. By applying Theorem 10, we obtain many examples of concentrating
sequences of the product spaces.
As another topic, the notion of metric preserving function gives another
question. Let F : [0,+∞) → [0,+∞) be a function such that for any met-
ric space (X, dX), the function F ◦ dX is a metric on X. This F is also
called a metric preserving function. Roughly speaking, such a function is
a 1-dimensional version of a metric preserving function. We consider the
following question: does a metric-transformed sequence of a concentrating
sequence by some metric preserving functions concentrate too? We obtain
an answer, which is related with Theorem 10.
Theorem 13. Let Fn, F : [0,+∞) → [0,+∞), n = 1, 2, . . ., be continuous
metric preserving functions. Assume that Fn converges pointwise to F as
n → ∞. Then the following (1) and (2) are equivalent to each other.
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(1) For any sequence {Xn}n∈N of metric measure spaces concentrating to
a metric measure space X, the sequence {(Xn, Fn ◦ dXn ,mX)}n∈N con-
centrates to (X,F ◦ dX ,mX) as n → ∞.







Note that the condition (2) of Theorem 13 is properly intermediate be-
tween the condition that all Fn are monotone nondecreasing and the condition
that the limit function F is monotone nondecreasing, similar to Remark 11.
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